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2. State whether the following Hasse diagram represent a lat-
tice or not?

(@) (b)
f !

b
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EXAMPLE 7.81

If D, is the set of all

positive divisors of i, then (Dy, [) is a sublattice of the Tattice (54

EXAMPLE 7.82

\'

Find all sublattices of D)4 that contains at least five clements. Give exampleg of Pose,
which are not sublattices, with respect to Dy,

Figure 7.30

24
12 12
6 6
2 3
1 | g

24
12 12
6 5]
3 2 3 2
1 1
By =1(1.2,3,6,12) B,=1(1,2,3,6,12,24)
sublattice sublattice

B3 ={1, 2, 6, 12, 24} sublattice. B4 = {1, 3, 6, 12, 24} sublattice.

The following are not sublattices

e

Bs = {2, 3,4, 6, 8, 12, 24} is not sublattice because glb(3, 2)
8 does not exist.

Bg ={1,2,3,4, 6,8, 12} is not sublattice because
lub{8, 12} does not exist.
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Sublattice: Let (A, R) be a lattice. A nonempty subset B of A is called a sublattice of A
foranya,be B,avbanda Ab e B.

If Dy is the set of all positive divisors of n, then (Dy, |) is a sublattice of the lattice (z+ |

——

Find all sublattices of Da4 that contains at least five elements. Give examples of Pose
which are not sublattices, with respect to Dag.

24
12 12
6 6
3 2 3 2
1 1
Bl_ ={1,2,3,6,12} B, =({1,2,3,6, 12,24}
sublattice sublattice
Figure 7.30
24
12
6
2

1
B3 ={1, 2,6, 12, 24} sublattice. B, = (1, 3, 6, 12, 24} sublattice.

The following are not sublattices

24

Bs =1{2,3,4,6,8, 12, 24} is not sublattice because glb(3, 2
does not exist.

12

Bo ={1,2,3,4,6,8, 12} is not sublattice because
lub(8, 12} does not exist.
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Properties of glb and lub:
The following properties follow from the definitions of glb and lub.

L glb(x. ) <x and glb(x, y) <y
orx-y<ux and x-.yv< A}

2.m=<x and m<y = m= glbx, y)
or m=<ux and m< vy = m=<yx

= Y
Jo x <lub(x. ) and vy < lub(x, y)

orv<x-+y and y<ux-+y

d x<wu and y<u = lub(x,y)<u
orx <wu and y<u = x4+v<u

Properties of Lattices:

Let (A, R) = (A, ) =[A, -, +] be a lattice. For any x, y € A, then
L. Q) x+x=x

b)) x-x =x

I (@ x+y=y+x
®) x-y =y-x

] idempotent

} commutative

. @) x+(+2=x+y)+2z Iie, +isassociative
(b) x (yz) = (xy)z e, - 1s associative
IV. @) x+(x-y)=x

Absorption
b) x-(x+y)=x
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Let A = {1, 2, 3, 5, 30}- (a) Show that (A, |) is a lattice by constructing a meet-join tszle.
(b) Prove that - is not distributive over + in this lattice by identifying elements @, b, c in A
for whicha - (b +¢) #a-b+a- c. (c) Prove that + is not distributive over - by showing
thata + (b - c) # (@ +b) - (a + c) for some elements a, b, ¢ in A.

a) Meet-Join table

Table 7.7 30
i1 2 3 5 30
1 1l &2, 8 5 30
2 11 2 30 30 30 7 5
3 (1 1 3 30 30
S 11 1 1 5 30
301 2 3 5 30
1
Figure 7.31

The poset (A, |) is a lattice since lub and glb exists for every pair of elements in AZ.
b) Leta=2,b=3,c=5.Then
b 4+ ¢ =lub(b, c) = lub(3, 5) = 30,
a-(b+c)=glb(a, b-+c)=glb2, 30) =2,
' a-b=glb(a, b) =glb(2, 3) =1,
a - c = glb(a, c) = glb(2, 5) =1,
a- b + a - c =lub(ab, ac) =lub(l, 1) = 1.

Hencea-(b+c)=2%#1=a-b+a-c. Thus the lattice (A, 1) is nor distributive.
That is, - is not distributive over +.
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¢) Leta =2, b =23, c=25.Then
b-c=glb(b, ¢c) =glb(3,5) =1,
a+b-c=lub(a, bc) =1ub(2, 1) = 2,
a + b = lub(a, b) = lub(2, 3) = 30,
a + ¢ = lub(a, ¢) = lub(2, 5) = 30,
(a@a+b) (a+c)=glb(a+b,a+c)=glb(30, 30) = 1.

Hencea+b-c=2#1=(a+b)-(a+c). Thus + is not distributive over - in
lattice (A. |). So (A, |) is not distributive.
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Definition 7.20

XAMPLE 7.61

Givenaset A and index set 7, let @ # A; C A foreachi € 7. Then {Ajil}ier is a partition of
Aif
a) A= L{A,- and  b) A;NA;j =0, foralli, el wherei # j.
1€

Each subset A; is called a cell or block of the partition.

IfA={1,2,3,..., 10}, then each of the following determines a partition of A:

a) A1 =1{1,2,3,4,5}, A, =1(6,7, 8,9, 10}

b) A1 ={1,2,3}, A, =1{4,6,7,9}, A3 ={5, 8,10}

¢) Ai={i,i+5),1<i<S5.
In these three examples we note how each element of A belongs to exactly one cell in each
partition.

—
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1. Determine whether each of the followin g collections of sets
is a partition for the given set A, If the collection is not a parti-
ton, explain why it fails to be,

a) A=1{1.2,3,4,5,6,7,8}, A, =(4,5 6},
AZ = {]. 8}, Aj — {2, 3, 7}.

b) A={a,b.c.d e, f,g. h); A ={d,e),
A: - {a\ C, d}! A3 — {f, h}v A4 :{b‘ g}
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Let & be an equivalence relation on a set A. For each x € 4, the equivalence clusy of I
denoted [x], is defined by [x] = {y € A|y R x}.

\

T —
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3.If A={1,2,3,4,5} and R is the equivalence relation
on A that induces the partition A = {1, 2} U {3, 4} U {5}, what
s R?

4. For A=1{1,2,3,4,5,6}, R={(,1),(1,2), 2.1,
2.2),(3.3), (4, 4), 4,5),(5,4), (5,5), (6, 6)} is an equiv-
alence relation on A. (a) What are [1], [2], and [3] under this
equivalence relation? (b) What partition of A does & induce?
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